High-speed railway overhead systems are subjected to tight functional requirements to deliver electrical energy to train engines, while their reliability and maintenance periods have to be increased. The quest for interoperability of different pantographs in existing and projected catenary systems puts an extra level of demand on the ability to control their dynamic behaviour. Also the quality of the current collection, the loss of contact and consequent arching, not also limit the top velocity of highspeed trains but have implications in the deterioration of the functional conditions of these mechanical equipment's. To address such important aspects for the design and analysis of the pantograph-catenary system, it is necessary to develop reliable, efficient and accurate computational procedures that allow capturing all the relevant features of their dynamic behaviour. This work presents a computational tool able to handle the dynamics of pantograph-catenary interaction using a fully threedimensional methodology. In order to exploit the advantages of using a multibody formulation to model the pantograph, a high-speed co-simulation procedure is setup in order to communicate with the finite element method, which is used to model the catenary. A contact model, based on a penalty formulation, is selected to represent the interaction between the two codes. The methods and methodologies developed here are used in realistic operation conditions for high speed trains. The purpose is to study the dynamic behaviour of the pantograph-catenary system in single and multiple pantograph operation scenarios and to assess the conditions that limit the increase of the trainset speed.
Introduction
pantograph interface [1] . Due to the loss of contact not only the energy supply is interrupted but also arcing between the collector bow of the pantograph and the contact wire of the catenary is observed, leading to a deterioration of the functional conditions of the two systems. Higher contact forces would lead to less incidents of loss of contact but would also lead to higher wear of the catenary contact wire and pantograph registration strip [2] . A balance between contact force characteristics and wear of the energy collection system is the objective of improving contact quality. The quest for higher speeds for train operations requires changes in the catenaries and pantographs in which the increase of the wave travelling speed on the contact wire plays a central role, being this achieved by decreasing the weight per unit of length of the contact wire and increasing its tension [1] . For instance, to achieve the world record of 574.8 km/h by a French high-speed train, the contact wire used was made of copper with a cross-section of 150 mm 2 and subjected to an axial tension of 40000N, being the voltage in the line increased from 25 kV to 31 kV [3] . To allow for the Sinkansen to operate at 360 km/h, in lines that were designed for an operation up to 240 km/h not only the tension of the contact wire is increased from 14600 N to 19600 N but the tension on the messenger and auxiliary wires also changed in order to maintain the total tension at 53900 N [4] .
Another important aspect of the catenary design is to maintain as constant as possible the stiffness of the contact wire to transversal loading by the pantograph registration strip [5, 6] . Different types of catenaries exist with alternative topological arrangements. The compound catenary, commonly used in the Japanese Sinkansen, guarantees an almost uniform stiffness while maintaining the contact wire at constant height, without requiring pre-sag. The stitch wire catenaries, such as the French LN1 and the German Re330, use the stitch wire to improve the uniformity of stiffness around the steady-arms while in the simple catenaries, such as the French LN2 or Italian C270, the stiffness is controlled via the dropper distance around the steadyarms. For both stitch and simple catenary types there is a pre-sag of 1/1000 to further improve the uniformity of the stiffness [5] .
The overhead catenary system is a very lightly damped structure in which the damping characterization is important, in particular when the trains are equipped with multiple pantographs [5] . Different studies show that the evaluation of the pantograph-catenary contact quality is highly dependent on the amount of structural damping considered for the catenary structural elements [7] . However, it is also recognized that the estimation of the structural damping of the catenary is still a challenge. The catenary system dynamics exhibits small displacements about the static equilibrium position. The only source of nonlinearities results from the slacking of the droppers. Therefore, the linear finite element method has all features necessary to the modeling of this type of systems, provided that the nonlinear effects are suitably modeled as nonlinear forces, in this case, the dropper slacking can be handled by adding corrective terms to the system force vector.
The aerodynamic forces due to the direct effect of the wind on the overhead contact line, direct effect on the pantograph components and indirect effect due to the additional motion of the carbody imparted to the base of the pantograph influence the dynamics of the pantograph and catenary [5, [8] [9] [10] . Any dynamic analysis methodology that aims at allowing a realistic modeling of the pantograph must allow handling these aerodynamic loads. In any case, the problem of characterizing and controlling the pantograph aerodynamics, although addressed in several technological projects, is still an open issue for research [8, 11] .
Different pantographs are currently used in train vehicles in the World, with the exception of the Sinkansen 500 series telescopic pantograph, are of the scissors type. Ongoing research for the development of new pantograph's with active electronic control [12] is in place. The topology of a pantograph must address three stages of its operation: lift the pan head to contact wire height and compensation for spans with lower catenary heights; handle the displacements and frequencies associated to steady-arms passage; deal with the displacements and frequency excitations due to the dropper passage and to higher frequency excitations [5] . Typically the pantograph head, with its suspension, is responsible for handling the high-frequency excitations, up to 20 Hz, while the lower stage, including the pneumatic bellow, deal with the low frequency excitations, below 5 Hz. Some other effects such as the pantograph bow flexibility and aerodynamics may result in the contact force to exhibit frequency contents over 20 Hz [13] . Due to the range of motion of the pantograph mechanical components and to the nonlinear elements present on its construction, multibody methods are well suited to handle the pantograph dynamics [8] . Special models based on the use of lumped masses can still be used in the framework of linear finite element methods [1] , however, the use of multibody methods ensure that both lumped mass and detailed nonlinear pantograph models can still be used in the analysis of the pantograph-catenary interaction problem. Hybrid methodologies in which the catenary dynamics is evaluated using a linear finite element model and the pantograph dynamics is obtained using a real prototype in a test bench are hardware-in-the-loop alternatives to fully computational oriented approaches [14, 15] .
The interaction of the pantograph and catenary is achieved through the contact of the pantograph registration strip on the catenary contact wire. The modeling of contact between the registration strip and the contact wire can be done using unilateral kinematic constraints [16, 17] , which does not require the estimation of any contact law parameter but prevents any loss of contact to be detected. Alternatively, penalty formulations can be used [5, 18] with no limitations on how contact may develop but requiring that the penalty terms of the contact law are estimated. In any case, the use of different methods to handle the dynamics of the catenary and pantograph requires that either a single code in which both methods are implemented is developed or that a co-simulation strategy between the two codes is implemented [19, 20] . The contact modeling plays a central role in the establishment of the co-simulation strategies [19] .
The quality of the pantograph-catenary contact required for high-speed train operations is quantified in current regulations [21, 22] . The norm EN50367 specifies the following thresholds for pantograph acceptance.
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A limitation of the operational speed of the trains is the wave propagation velocity on the contact wire, C, which is given by
where F is the tension of the contact wire and ρ is the contact wire mass per length unit. When the train speeds approach the wave propagation velocity of the contact wire the contact between the pantograph and the catenary is harder to maintain due to increase in the amplitude of the catenary oscillations and bending effects. In order to avoid the deterioration of the contact quality the train speed, V, current regulation impose a limit of V=0.7C. In this work a computational methodology is proposed enabling the dynamic analysis of pantograph-catenary interaction. The finite element method is used for the dynamic analysis of the catenary and a multibody dynamics approach is used for the dynamic analysis of the pantographs, regardless of being lumped or multibody models. A co-simulation environment is setup to run interference between the independent catenary and pantograph dynamic analyses. The methods proposed in this work are demonstrated in the framework of the application of the regulation EN50367 to a study case of multiple pantograph operation in high-speed trains between a generic catenary and a high speed pantograph. This case addresses one of the limiting factors in high-speed railway operation that is the need to use more than a single pantograph for current collection. The disturbance that the pantographs cause on each other dynamics worsens the quality of the pantograph-catenary contact.
Catenary dynamics
High-speed railway catenaries are periodic structures that ensure the availability of electrical energy for the train vehicles running under them. Typical constructions, such as the one presented in Figure 1 , include the masts (support, stay and console) which serve as support for the registration arms and messenger wire, the steady arms, which not only support the contact wire but also ensure the correct stagger, the messenger wire, the droppers, the contact wire and, eventually, the stitch wire.
Depending on the catenary system installed in a particular high-speed railway all the elements or only some of them may be implemented, as shown in Figure 2 . However, in all cases both messenger and contact wires are tensioned with high axial forces not only to limit the sag and guarantee the appropriate smoothness of the pantograph contact by controlling the wave travelling speed but also to ensure the stagger of the contact and messenger wires. The motion of the catenary is characterized by small rotations and small deformations, in which the only nonlinear effect is the slacking of the droppers. The axial tension on the contact, stitch and messenger wire is constant and cannot be neglected in the analysis. Therefore, the catenary system is modelled with linear finite elements in which the dropper nonlinear slacking is modelled with compensating forces added to the force vector along with the pantograph contact forces and the constant line tensioning forces.
All catenary elements, contact and messenger wires are modelled by using EulerBernoulli beam elements [5] . Due to the need to represent the high axial tension 
in which K e L is the linear Euler-Bernoulli beam element, F is the axial tension and K e G is the element geometric matrix. The droppers and the registration and steady arms are also modelled with the same beam element but disregarding the geometric stiffening. The mass of the gramps that attach the droppers to the wires are modelled here as lumped masses. In order to ensure the correct representation of the wave propagation 4 to 6 elements are used in between droppers to appropriately model the contact and messenger wires. There is no special requirement on the number of elements required to model each dropper, registration or steady-arm.
Using the finite element method, the equilibrium equations for the catenary structural system are assembled as
where M, C and K are the finite element global mass, damping and stiffness matrices of the finite element model of the catenary. Usually proportional damping is used to evaluate the global damping matrix as C = α K+β M with α and β being suitable proportionality factors [23] 
which contains the gravity forces, f (g) , and line tensioning forces, f (t) ,which are always constant plus the pantograph contact forces, f (c) , and the dropper slacking compensating terms, f (d) . Equation (3) is solved for x or for a depending on the integration method used. In this work Equation (3) is solved with the integration of the nodal accelerations using a Newmark family integration algorithm [24, 25] . The contact forces are evaluated for t+Δt based on the position and velocity predictions for the FE mesh and on the pantograph predicted position and velocity. The finite element mesh accelerations are calculated by
Predictions for new positions and velocities of the nodal coordinates of the linear finite element model of the catenary are found as ( ) 2 
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Then, with the acceleration a t+Δt the positions and velocities of the finite elements at time t+Δt are corrected by
The dropper slacking is also corrected in each time step, if necessary. Although the droppers perform as a bar during extension their stiffness during compression is either null or about 1/100th of the extension stiffness, to represent a residual resistance to buckling at high speed. As the droppers stiffness is included in the stiffness matrix K as a bar element, anytime one of them is compressed such contribution for the catenary stiffness has to be removed, or modified. In order to keep the dynamic analysis linear the strategy pursued here is to compensate the contribution to the stiffness matrix by adding a force to vector f(d) equal to the bar compression force
where the Boolean matrix B simply maps the global nodal coordinates into the coordinates of the dropper element. The correction procedure expressed by using Equations (6) through (10) and solving Equation (5) tolerances. Note that the criteria of convergence of the nodal displacements must imply convergence of the force vector also, i.e, the balance of the equilibrium equation right-hand side contribution of the dropper slacking compensation force with the left-hand-side product of the dropper stiffness by the nodal displacements in Equation (3) . The computational implementation of the finite element procedure outlined by Equations (3) through (10), in the context of the catenary dynamic analysis, requires that the maximum number of iterations allowed for the correction process to be 6 or higher. If a maximum number of iterations is set to be below 6 there is the danger that the droppers exhibit residual compression forces during the dynamic analysis, with all implications that such error has over the evaluation of the pantographcatenary contact force.
Pantograph dynamics
The roof pantographs used in high-speed railway applications are characterized as mechanisms with three loops ensuring that the trajectory of head is in a straight line, perpendicular to the plane of the base, while the pantograph head is maintained levelled. The pantographs are always mounted in the train in a perfect vertical alignment with the centre of the boggies of the vehicle in order to ensure that during curving the centre of the bow does not deviate from the centre of the railroad. The mechanical system that guarantees the required characteristics of the trajectory of the pantograph head during rising is generally made up by a four-bar linkage for the lower stage and another four-bar linkage for the upper stage. Another linkage between the head and the upper stage of the pantograph ensures that the bow is always levelled. In order to control the raise of the pantograph one bar of the lower four-bar linkage is actuated upon by a pneumatic actuator.
The numerical methods used to perform the dynamic analysis of the pantograph must be able to represent the important details of the system, including mechanisms and compliances and to evaluate their correct dynamics. Two different types of models are generally used to represent pantographs: lumped mass and multibody. Each of them has advantages and shortcomings in their use that are discussed hereafter.
Multibody dynamic analysis of pantographs
A typical multibody model, as also a multibody pantograph model, is defined by a collection of rigid or flexible bodies that have their relative motion constrained by kinematic joints and is acted upon by external forces. The forces applied over the system components may be the result of springs, dampers, actuators or external applied forces describing gravitational, contact/impact or other forces. A wide variety of mechanical systems can be modelled as the schematic system represented in Let the configuration of the multibody system be described by n Cartesian coordinates q, and a set of m algebraic kinematic independent holonomic constraints Φ be written in a compact form as [26] .
( ) Differentiating Equation (11) with respect to time yields the velocity constraint equation. After a second differentiation with respect to time the acceleration constraint equation is obtained
where Φ q is the Jacobian matrix of the constraint equations, υ is the right side of velocity equations, and γ is the right side of acceleration equations, which contains the terms that are exclusively function of velocity, position and time.
The equations of motion for a constrained multibody system (MBS) of rigid bodies are written as
where M is the system mass matrix, q is the vector that contains the state accelerations, g is the generalized force vector, which contains all external forces and moments, and g (c) is the vector of constraint reaction equations. The joint reaction forces can be expressed in terms of the Jacobian matrix of the constraint equations and the vector of Lagrange multipliers
where λ is the vector that contains m unknown Lagrange multipliers associated with m holonomic constraints. Substitution of Equation (15) in Equation (14) yields
In dynamic analysis, a unique solution is obtained when the constraint equations are considered simultaneously with the differential equations of motion with proper set of initial conditions. Therefore, equation (13) is appended to equation (16), yielding a system of differential algebraic equations that are solved for q and λ. This system is given by
In each integration time step, the accelerations vector, q , together with velocities vector, q , are integrated in order to obtain the system velocities and positions at the next time step. This procedure is repeated up to final time will be reached. The solution of the multibody equations of motion and their integration in time is depicted in Figure 4 . The set of differential algebraic equations of motion, Equation (17) does not use explicitly the position and velocity equations associated to the kinematic constraints, Equations (11) and (12), respectively. Consequently, for moderate or long time simulations, the original constraint equations are rapidly violated due to the integration process. Thus, in order to stabilize or keep under control the constraints violation, Equation (17) is solved by using the Baumgarte Stabilization Method or the augmented Lagrangean formulation and the integration process is performed using a predictor-corrector algorithm with variable step and order. Due to the long simulations time typically required for pantograph-catenary interaction analysis, it is also necessary to implement constraint violations correction methods, or even the use of the coordinate partition method for such purpose [26] . One of the criticisms that the multibody model of the pantograph made of rigid bodies connected by perfect kinematic joints, as the one presented here, is that it only has 2 degrees-of-freedom, i.e., the raising of the pantograph and the head suspension. In fact, laboratory dynamic analysis of real pantographs leads to FRF measurements in all pantographs that exhibit the presence of three resonances, implying that a basic requirement for the pantograph models is to have three degrees of freedom, at least. The third degree-of-freedom of the multibody pantograph may be associated with the clearance or with bushings existing in the joints [27, 28] or even with the flexibility of one or more of the bodies considered in this model [29, 30] . In any case, the minimal requirements for modelling multibody pantographs that can have a realistic behaviour in the complete frequency range of their operation, i.e. in the 0-20 Hz range, are still to be identified. 
Lumped Mass Pantograph Model
Alternatively to a full multi-body pantograph model another modelling method is commonly used consisting on a lumped mass approach. The lumped mass pantograph model, depicted on Figure 5(b) , is composed of a simple series of lumped masses linked consequently to a ground by a spring/damper element. Although in the literature pantograph models are presented with two, three of more mass stages, for high-speed train applications there is a minimal requirement of three stages to well represent the system. While the multi-body pantograph models can be built with design data alone, for example with data obtained from technical drawings complemented with measured physical characteristics from selected components, the lumped mass pantograph model parameters, in example of those presented on Figure 5 (c), must be identified experimentally. In this sense, the lumped mass pantograph model can be thought as a transfer function in a winch an experimental procedure, presented on Figure 5 (a) is used. The idea is to excite the contact strips of the desired pantograph to model with prescribed motions of known frequency and amplitude while measuring the response of the pantograph namely the contact forces on the registration strip and positions, velocities and accelerations at prescribed points of the mechanical pantograph. This acquired data is then held to build the frequency response functions (FRF) of the pantograph. The lumped mass model parameters are identified in such way that the FRF of the model is matched to the experimentally acquired [31] .
It is important to note that in spite of the simplicity of their construction and fidelity of their dynamic response, the lumped mass models are commonly used by operators, manufacturers and homologation bodies instead of more complex models. The only part of the lumped mass model that as a physical interpretation is the upper stage, winch limits the use of this type of models for any application that requires modifications on the pantographs structure or mechanics. From this point of view, this is where the multibody pantograph models come in. Provided they are able to 
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adequately represent the dynamics of the implied system, including a match with the FRF experimental data, they constitute an irreplaceable tool. When using lumped mass pantograph models it is possible to use the same finite element code to solve the equations of motion of both pantograph and catenary. For this purpose, the pantograph is considered a linear system and it's equations of motion must be assembled in the same way the catenary's equations are, as expressed in Equation (3) . In this assembled form the equations of motion of the pantograph can be solved along the finite elements code either by adding them to the catenary's equations or by solving them separately in parallel to the finite element code.
It should be noted that the lumped mass pantograph model can also be easily integrated on a multibody application.
Contact Model
The contact involved in the pantograph-catenary interaction is related to the contact between the pantograph's registration strip and the catenary contact wire. The efficiency of the electrical current transmission and the wear prediction of either the registration strip or the contact wire are deeply influenced by the quality of the contact. This implies that the correct modelling of the contact mechanics involved between these two systems is crucial for its correct and efficient evaluation. The contact between the registration strip of the pantograph and the contact wire of the catenary, from the contact mechanics point of view, consists in the contact of a cylinder made of copper with a flat surface made of carbon having their axis perpendicular as shown in Figure 6 . The contact problem can be treated either by a kinematic constraint between the registration strip and the contact wire or by a penalty formulation. In the first procedure the contact force is simply the joint reaction force of the kinematic constraint [16, 17] . With the second procedure the contact force defined in function of the relative penetration between the two cylinders [27, 32] . The use of the kinematic constraint between contact wire and registration strip forces these elements to be in permanent contact, being this approach valid only if no contact losses exist. The use of the penalty formulation allows for the loss of contact and it is the method of choice for what follows. The contact model used here is based on a contact force model with hysteresis damping for impact in multibody systems. In this work, the Hertzian type contact force including internal damping can be written as [33] :
where K is the generalized stiffness contact, e is the restitution coefficient, δ is the relative penetration velocity and
is the relative impact velocity. The proportionality factor K is obtained from the Hertz contact theory as the external contact between two cylinders with perpendicular axis. Note that the contact force model depicted by Equation (18) is one of the different models that can be applied. Other continuous contact force models are presented in references [34] [35] [36] .
In the application that follows the contact is considered purely elastic, i.e., the restitution coefficient e=1, the generalized stiffness defined to be K=50000 N/m and power of the penetration is n=1. The relative penetration, δ , is evaluated taking into account the nodal displacements of the beam finite element in which contact occurs and its shape functions. For the efficiency of the computer code it is important that the numbers of the finite elements that are in contact with each of the registration strips are kept track of so that unnecessary searches for contact are avoided.
5

Co-Simulation of Multibody and Finite Elements
The interaction between the multibody pantograph and the finite elements catenary systems represents a coupled problem. Generally the dynamic analysis of pantograph-catenary systems is done with both models using the same formulation. However, since the pantograph exhibits large displacements and rotations during its operation it is not advisable to model this system with finite elements method, plus when compared the use of finite elements to preform dynamic analysis of nonlinear systems to the use of multibody methodology the finite elements method leads to larger computational time costs. Also, in spite of being possible to build a catenary model in multibody formulation there is no reliable model that can handle all its complex details. Furthermore the modelling of catenary systems using finite element formulation is nowadays used by the railways industry, with validated results. The analysis of pantograph-catenary interaction is then consequently done by two standalone and independent codes, the multibody pantograph and the finite elements catenary, both running in a co-simulation environment. There is still the option of using a lumped mass pantograph model which can be handled either by the multibody or finite element formulation giving the possibility do avoid cosimulation.
The structure of the communication between the pantograph and the catenary codes is shown in Figure 7 . The multibody pantograph code (PAT) provides the catenary finite element code (CAT) with the positions and velocities of the pantograph's registration nodes. These nodes correspond to the registration strip extremities. The CAT code then calculates the position of the point of contact on the registration strip using geometric interference and the contact force using an appropriate contact model. These calculations are then communicated from CAT to PAT code. Each code handles independently their equations of motion of each subsystem, and apply the contact force on the contact point both shared between them. The catenary is modelled as a dynamic linear system integrated with a Newmark family numerical integrator [24] using a fixed time step where a prediction of the positions and velocities of not only the catenary but also the pantograph are needed. On the other side the multibody pantograph is a nonlinear dynamic system handled with variable time step and multi-order integrators winch in order to proceed with its dynamic analysis need not only the positions and velocities of the pantograph but also the contact force and its application point at different time instants during the integration period. Therefor there is the need of one of the codes to make a prediction to a forthcoming time before advancing to a new time step. Either the PAT predicts a contact point and force of contact or the CAT predicts the registration strip's position and velocity. It this work it was chosen the PAT code to make the predictions using a simple linear extrapolation based on stored data of the last time steps. The reasons for being the PAT code to make a prediction are that PAT code uses a variable time step and an extrapolation/interpolation algorithm would already have to be used to estimate the contact position and force on a forthcoming or past time instant that is not multiple of the fixed CAT code time step.
The compatibility between the two integration algorithms imposes that the state variables of the two sub-systems are readily available during the integration time and also that a reliable prediction of the contact forces is available at any given time step. The accuracy of this prediction relies upon the choosing of small enough time steps either of the fixed CAT code time step or the maximum allowed PAT code time step winch is variable. The key of this co-simulation procedure between PAT and CAT codes is their time integration step which must be such that a correct dynamic analysis is ensured.
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Pantograph-catenary case study
The numerical procedure for the dynamic analysis of the pantograph-catenary interaction is demonstrated in this work using generic, but realistic, models for the Using the data contained in Table 1 a finite element model of the generic simple catenary is obtained, being different views shown in Figure 8 . Several models of the same catenary are developed with different proportional damping factors to allow studying the variation of the pantograph-catenary contact quality in face of the structural energy dissipation of the catenary. In conjunction to the built catenary model a lumped mass pantograph model, presented on Figure 5 (c) and (b) was used using a multibody approach.
A limiting factor in the current collection is the need to operate with multiple pantographs to allow for the collection of enough energy to run all the engines required the train. However, the contact quality of the pantograph-catenary interaction is perturbed due to the mutual influence of the leading and trailing pantographs in each other. In this work, the operation of multiple pantographs in catenaries with low and moderate damping is considered. Different vehicles of highspeed trains have different lengths and, consequently, the separation distance may change accordingly. The typical separations between pantographs shown in Figure 9 reflect how multiple train units operate and constitute the scenarios to which the methodologies proposed in this work are applied. In all scenarios the pantographs move along the catenary in a tangent track at 300 km/h. In the initial part of the analysis the pantographs are raised until their bows touch the contact wire. In order to disregard this transient part of the dynamic response, only the contact forces that develop in the pantograph between 400 and 800 m, and the droppers and steady arms that exist in this range are used in the analysis of results. The contact forces are filtered with a cut-off frequency of 20 Hz before being post-processed, as specified by the appropriate regulation [21, 22] . Figure 10 depicts the characteristics of the contact forces that develop between the pantographs and catenaries, with different proportional damping.
The results show that the amplitude of the contact forces in the trailing pantographs is always larger than what the leading pantographs exhibit, being that difference higher for lightly damped catenaries. The contact force results, as shown in Figure 10 , hide some of the important results of the analysis that are used in design and in homologation of pantographs. In Figure 12 the statistic values of the contact force are overviewed for the different pantograph separations, running in the two catenaries considered before. The first important observation of statistical quantities depicted in Figure 12 is that the standard deviation of the contact force for all pantographs, running on the lightly damped catenary, is always larger than 30% of the mean contact force. These values imply that the trains using these pantographs would not be allowed to run at a speed of 300 km/h in the catenary system. However, the pantographs can be used, with the current operational setup, in the catenary with normal damping. In both cases, the multiple pantograph operation with a separation of 200 m shows the worst contact force characteristics for the trailing pantograph, i.e., the trailing pantograph exhibits larger maximum forces, lower minimum forces and larger standard deviations. None of the pantographs exhibits any contact loss. Another characteristic of the contact force that is worth being analysed is its histogram. Figure 13 presents the histograms of all pantographs for all separations considered in this work.
The histograms show that for a lightly damped catenary the contact forces not only have large variations, as observed also in Figure 10 , but also that the number of occurrences of contact forces in each range considered is high, i.e., even away from the mean contact force the existence of higher or lower contact forces is not sporadic. For a catenary with average damping the contact force magnitude is closer to the mean contact force. In all cases considered, the mean contact force is always 150 N, which satisfies the regulations.
One of the reasons why the contact force characteristics has to stay inside a limited range concerns the potential interference between the pantograph head and the catenary mechanical components. The steady-arm uplift, shown in Figure 14 , and the dropper axial force, depicted in Figure 15 , are measures of the catenary performance and of its compatibility with the running pantographs. The steady-arm uplift is lower than 7 cm in all cases depicted in Figure 14 . Although not represented, the maximum uplift of all steady arms of the catenary is also lower than the 12 cm limit allowed for the type of catenary used. The droppers exhibit slacking for the lightly damped catenary, as seen for the axial forces shown in Figure 15 . For the catenary with average damping, only the passage of the trailing pantograph, when the separation is 200m, has some slacking. It is interesting to notice that the position of the contact wire of the catenary is disturbed even before the pantograph bow passes. This is because the traveling wave speed is higher than the train speed. For lightly damped catenaries this disturbance is higher. For longer catenary sections, it is expected that the trailing pantograph may affect the contact of the leading pantograph due to the wave traveling speed of the contact wire. The mutual influence of the pantographs in each other's contact quality is better understood when displaying the contact force characteristics as shown in Figure 16 , for the lightly damped catenary and Figure 17 , for the average damped one. In both cases the statistical values of the contact force of a single pantograph operation are also presented to better understand the problem.
For a lightly damped catenary the perturbation of the trailing pantograph over the leading pantograph exist but are low. However, the trailing pantograph contact forces are clearly affected by the leading pantograph, being the influence enhanced by the decrease of the catenary damping. The tendency exhibited for the lightly damped catenary is the for a pantograph separation of 31 m the trailing pantograph contact quality suffers, slightly, from the existence of a trailing pantograph being this influence due to the wave traveling speed in the contact wire. For a pantograph separation of 200 m the trailing pantograph contact quality is clearly affected in both lightly and average damped catenaries. The results suggest that the critical distance between pantographs, at least for the catenary design considered in this work, is 200m. These results are in agreement with the findings of Ikeda who studied the multiple pantograph operation for the Japanese Sinkensen pantograph-catenary interaction and found the same critical separation [4] . Thus it is suggested that regardless of the type of construction of the catenary a critical separation distance between the pantographs exists and that the distance is close to 200 m. 
Conclusions
A computational approach, based on the co-simulation of linear finite element and general multibody codes, is presented and demonstrated in the framework of the pantograph-catenary interaction of multiple pantograph operations in high-speed trains. It was shown that the use of linear finite elements are enough to allow for the correct representation of the catenary provided that the wire tension forces are accounted for in the stiffness formulation and that the droppers slacking is properly represented via the force vector. Minimal requirements for the catenary finite element modeling include the use of Euler-Bernoulli beam elements with axial tensioning for the catenary messenger and contact wire with a discretization enough to capture the deformation wave traveling of the contact wire. It was also shown that the use of multibody dynamics methods allow capturing all the important dynamic features of the pantographs. Spatial pantograph models require the use of multibody dynamics procedures to capture all their dynamic features. In the particular case of using unidirectional lumped mass pantograph models the equations of motion of the system can be solved together with the finite element equilibrium equations. The lumped mass models result from a laboratory identification of the system that represents the pantograph prototype and it is, by definition, a validated model. A multibody pantograph model made of rigid bodies and perfect kinematic joints does not have the minimum features to represent correctly the real system. It is a topic of research to identify the minimum features required for a multibody pantograph model, being the existence of bushings and clearances in the joints and, eventually,the flexibility of the bow and arms, some of the modeling features that need to be accounted for.
When multibody pantograph models are used, the co-simulation between the finite element and multibody codes must be ensured. The use of a contact penalty formulation demonstrates to be enough to obtain all main contact features.
The application of the procedures to multiple pantograph operations, in highspeed railway vehicles, allowed the identification of the important quantities of the dynamic response that are required for the pantograph homologation and for the operational decisions. The catenary damping plays a fundamental role in the pantograph-catenary contact quality. This parameter leads to higher maximum contact forces, lower minimum contact forces, eventually to contact losses, and to higher standard deviations of the contact forces. All these characteristics of the contact force lead to the rejection of the operation of multiple pantograph units at the required speed of 300 km/h in lightly damped catenaries. It is also concluded, that for operations in average damped catenaries all standard separations between the pantographs lead to acceptable contact forces. As a general tendency, it was observed that for smaller pantograph separations the trailing pantograph affects the quality of the leading pantograph contact due to the wave travelling speed of the contact wire. For larger pantograph distances it is the leading pantograph that affects adversely the contact quality of the trailing pantograph. In any case, all results show that the critical separation between pantographs is 200 m, i.e., it is at this separation that the leading pantograph has a greater influence in the contact quality of the trailing one.
Frederico Rauter, Siemens Portugal, Stefano Bruni, Alan Facchinetti and Andrea Colina, Politecnico di Milano and Jean-Pierre Massat, SNCF, whose discussions and recommendations were important to achieve some of the developments reported here.
